For any finite abelian group G and any subset S ⊆ G, we determine the connectivity of the addition Cayley graph induced by S on G. Moreover, we show that if this graph is not complete, then it possesses a minimum vertex cut of a special, explicitly described form.
Addition Cayley Graphs
For a subset S of the abelian group G, we denote by Cay + G (S) the addition Cayley graph induced by S on G; recall, this is the graph with the vertex set G and the edge set {(g 1 , g 2 ) ∈ G × G: g 1 + g 2 ∈ S}. Twins of the usual Cayley graphs, addition Cayley graphs (also called sum graphs) received much less attention in the literature; indeed, [A] (independence number), [CGW03] and [L] (hamiltonicity), [C92] (expander properties), and [Gr05] (clique number) is a nearly complete list of papers, known to us, where addition Cayley graphs are addressed. To some extent, this situation may be explained by the fact that addition Cayley graphs are rather difficult to study. For instance, it is well-known and easy to prove that any connected Cayley graph on a finite abelian group with at least three elements is hamiltonian, see [Mr83] ; however, apart from the results of [CGW03] , nothing seems to be known on hamiltonicity of addition Cayley graphs on finite abelian groups. Similarly, the connectivity of a Cayley graph on a finite abelian group is easy to determine, while determining the connectivity of an addition Cayley graph is a non-trivial problem, to which we will devote our focus.
Let Γ be a graph on the finite set V . The (vertex) connectivity of Γ, denoted by κ(Γ), is the smallest number of vertices which are to be removed from V so that the resulting graph is either disconnected or trivial.
Our goal is to determine the connectivity of the addition Cayley graphs, induced on finite abelian groups by their subsets, and accordingly we use additive notation for the group operation. In particular, for subsets A and B of an abelian group we write
which is abbreviated by A ± b in the case where B = {b} is a singleton subset.
It is immediate from the definition that for a subset A ⊆ G, the neighborhood of A in Cay + G (S) is the set S − A, and it is easy to derive that Cay + G (S) is complete if and only if either S = G, or S = G \ {0} and G is an elementary abelian 2-group (possibly of zero rank). Also, since maximum degree in Cay + G (S) is at most |S|, we have the trivial bound κ(Cay
If H is a subgroup of G satisfying S + H = G, and g is an element of G with 2g ∈ S + H, then g + H ⊆ S − (g + H) . Consequently, the boundary of g + H in Cay
so that the existence of g ∈ G with 2g ∈ S + H is equivalent to the condition (S + 2 * G) ∩ H = ∅. Motivated by the above observation, we define
and let η G (S) := min{|S + H| − |H|: H ∈ H G (S)}.
Another important family of sets with small boundary is obtained as follows. Suppose that the subgroups L ≤ G 0 ≤ G and the element g 0 ∈ G 0 satisfy (i) |G 0 /L| is even and larger than 2;
The neighborhood of this set in Cay
Consequently, κ(Cay
With this construction in mind, we define L G (S) to be the family of all those subgroups L ≤ G for which a subgroup G 0 ≤ G, lying above L, and an element g 0 ∈ G 0 , can be found so that the properties (i) and (ii) hold, and we let
Thus, κ(Cay
Our first principal result is
Theorem 1.1 If S is a proper subset of the finite abelian group G, then κ(Cay
Theorem 1.1 is an immediate corollary of Theorem 1.2 below, which actually shows that the minimum in the statement of Theorem 1.1 is attained, with just one exception, on either η G (S) or |S|. Being much subtler, Theorem 1.2 is also more technical, and to state it we have to bring into consideration a special sub-family of L G (S). Specifically, let L * G (S) be the family of those subgroups L ≤ G such that for some G 0 , G 1 ≤ G, lying above L, and some g 0 ∈ G 0 , the following conditions hold: 
